In the present paper we study the Hawking radiation as a quantum tunneling effect of spin-1 particles from a five-dimensional, spherically symmetric, Einstein-Yang-Mills-Gauss-Bonnet (5D EYMGB) black hole. We solve the Proca equation (PE) by applying the WKB approximation and separation of variables via Hamilton-Jacobi (HJ) equation which results in a set of five differential equations, and reproduces in this way, the Hawking temperature. In the second part of this paper, we extend our results beyond the semiclassical approximation. In particular, we derive the logarithmic correction to the entropy of the 5D EYMGB black hole and show that the quantum corrected specific heat indicates the possible existence of a remnant.
I. INTRODUCTION
Hawking radiation [1] [2] [3] , can be investigated in many different ways. One such an interesting method, is the socalled tunneling method, also known as a Kraus-ParkihWilczek method [4] [5] [6] [7] [8] . Recently, the Hamilton-Jacobi (HJ) method of tunneling was extended by Padmanabhan et al [10, 11] . There are some interesting aspects associated about this method, for example, the whole process is consistent with an underlying unitary theory due to the conservation of energy which may have implications in the information loss paradox. This method has been extensively studied in the literature [13] [14] [15] [16] [17] [18] . Note that Hawking radiation in the tunneling approach, emerges in the regime of semi classical approximation, thus naturally, Banerjee and Majhi [19] [20] [21] [22] , extended this method beyond the semiclassical approximation by including higher order quantum corrections to the Hawking temperature. While, many other authors recently studied the role of quantum gravity effects on the Hawking radiation by exploring the deformed Klein-Gordon equation, deformed Dirac equation, deformed WheelerDeWitt equation and shown that quantum gravity effects can decelerate the evaporation process of the black hole and as a result remnants are left [23] [24] [25] [26] [31] [32] [33] [34] [35] .
Besides the well known solutions of Einstein field equations, such as, a vacuum solution, charged black hole solution, spinning black hole, it came as a surprise when other solutions were shown to exist in the realm of Yang-Mills (YM) theory coupled with gravity known as Einstein-Yang-Mills theory (EYM) [36] [37] [38] [39] . In Ref. [40, 41] EYM black holes in Gauss-Bonnet theory was studied, in Ref. [42] EYM theory with adjoint Higgs field was investigated, in Ref. [43] EYM black hole in ChernSimons theory was studied. While the Hawking radiation * kimet.jusufi@unite.edu.mk and other thermodynamic aspects of EYM black holes were investigated in Ref [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] The Hawking radiation of massive gauge bosons, such as W ± and Z bosons which carry the weak interaction was analysed in Ref. [44, [46] [47] [48] [49] [50] . Recently, massive vector particles have attracted interest, in particular massive photons were proposed as a possible explanation of the dark energy and dark matter [70] [71] [72] , and more recently the so-called ultra-light bosons were introduced as a possible explanation of the dark matter [73] . There is a common belief that the Hawking temperature is usually determined by the black hole mass, charge, and the angular momentum of the black hole and this temperature is unaffected by the mass of the particles.
In this paper we aim to extend the Hawking radiation of massive and uncharged vector particles as a quantum tunneling effect to the 5D EYMGB black hole solution [52] and to determine whether the mass and the spin of the particles plays any relevant role in the Hawking temperature in the case of 5D EYMGB black holes. In particular we also aim to incorporate the quantum effects beyond the semiclassical approximatin on the Hawking temperature, entropy and specific heat capacity from this black hole configuration. As far as we know, this problem has not yet been addressed in the literature. The paper is organized as follows. In Section II, we review the 5D EYM solution in Gauss-Bonnet gravity. In Section III, we solve the Proca equatition and recover the Hawking temperature from the 5D EYMG black hole. In Section IV, we extend our results beyond the semiclassical approximation by computing the corrected entropy and specific heat capacity of the black hole. In Section V, we comment on our results.
II. 5D SPHERICALLY SYMMETRIC EYMGB BLACK HOLE SOLUTION
Let us start by writing the action which describes the 5D EMYGB theory given by [40, 41, 52] 
in which g = det(g µν ) is the determinant of the metric tensor, α is Gauss-Bonnet (GB) parameter. The GB Lagrangian L GB , is given by
Variation of the action (1) with respect to the metric g µν leads to the following modified Einsteins field equations given by [41] 
where G µν is the Einstein tensor, H µν is a symmetric rank-two tensor related to the spacetime geometry usually called Lovelock tensor. The energy-momentum tensor T µν , for the Yang-Mills field is given by
in which
and Q is the only non-zero gauge charge and F i αβ is the Yang-Mills field 2-forms. The Lovelock tensor H µν is defined as [38, 41] 
The 5D solution for spherically symmetric spacetime in EYMGB theory has been derived by Mazharimousavi and Halilsoy [41] 
where the unit three sphere dΩ 
where 0 ≤ θ ≤ π, 0 ≤ φ, ψ ≤ 2π. Morover the above non-vanishing components of field equations is shown to have the following solution [41]
in which M is the usual integration constant to be identified as mass. Choosing the minus sign in the limit α → 0, it is possible to recover the EYM solution (see, for example [51] )
The radius of the event horizon r h can be found by considering F (r h ) = 0, which can be reduced to the following simple equation
One can observe that the event horizon remains unaffected by α parameter. The corresponding black hole temperature be calculated as
in which the surface gravity κ is given by [41] 
The result for the Hawking temperature can be simplified if we set M = 1 and Q < 1, which implies that the event horizon is r h = 1. Furthermore in the units G = c = 1, the Hawking temperature can be calculated as [41] 
In the next section we are going to use the metric (6) to study the Hawking radiation of massive bosons via quantum tunneling.
III. TUNNELING OF MASSIVE SPIN-1 PARTICLES FROM 5D SPHERICALLY SYMMETRIC EYMGB BLACK HOLE
The equation of motion which describes a massive and uncharged boson field Ψ µ , is given by Proca equation (PE) as follows [46] 
where
We can now solve PE equation in the spacetime given by the line element (5). Therefore, let us start by applying the WKB approximation method which suggests that
Furthermore by considering the spacetime symmetries of the metric (6), the following ansatz for the action can be choosen
in which E is the energy of the particle, j and l denotes the angular momentum of the particle corresponding to the angles φ and ψ, respectively. If we now insert the Eq. (16) into the Eq. (14) and keep only the leading order terms in we find the following set of five differential equations:
From Eqs. (18) (19) (20) (21) (22) it's clear that one can construct a matrix equation if we introduce a 5 × 5 matrix, say Ξ, which when multiplied by the transpose of a vector (C 1 , C 2 , C 3 , C 4 , C 5 ) gives the following matrix equation
The non-zero elements of the matrix Ξ are given by:
Since we are looking for the radial trajectories R ′ (r) of the emitted particle from the black hole, we can find this differential equation from the condition det Ξ = 0, which leads to the following simplifed equation:
and Ω = m 2 r 2 sin 2 θ + 4j 2 + 4l 2 + 8jl cos θ .
On can easily solve the last equation for the radial part to get the following integral
A careful analyzes shows that, there is an ambiguity of a factor two associated with the solution of the above problem. This factor of two problem with the original tunneling method and the issue of canonical invariance under canonical transformations given by p r dr = p + r dr− p − r dr, where p ± r = ±∂ r R, was pointed out first in Ref. [61] [62] [63] . The resolution of this problem is that there is a temporal contribution to the imaginary part of the tunneling amplitude which was first pointed out in Ref. [64] [65] [66] . In order to solve this integral, we see that there is a pole at the horizon r = r h , since F (r h ) = 0. We can shift the pole into the upper / lower half plane r h → r h ± iǫ and using a Taylor expansion of F (r) near the horizon then the integral (26) reads
If we now make use of the equation
then Eq. (28) gives
and
The spatial contribution to the tunneling can be calculated as
The temporal part contribution on the other hand, comes due to the connection of the interior region and the exterior region of the black hole. If one introduces t → t−iπ/(2κ) we will have Im(E∆t out,in ) = −Eπ/(2κ). Then the total temporal contribution for a round trip gives
One can now define the total tunneling rate of the particles tunneling from inside to outside the horizon as follows
We can now follow [41] , by setting M = 1 and Q < 1 as in Section I and by compering the last equation with the Boltzmann factor Γ B = e −βE , after some approximations we find the following result
The last expression for the Hawking temperature is similar to Eq. (13) . In other words, we have recovered the Hawking temperature using the quantum tunneling method for 5D EYMGB black hole measured by some observer at infinity.
IV. TEMPERATURE AND ENTROPY CORRECTION BEYOND SEMICLASSICAL APPROXIMATION
We can now move on and take into account the quantum effects to the Hawking temperature, entropy, and specific heat capacity of 5D EYMGB black hole. We recall that by following Banerjee and Majhi [19] [20] [21] [22] , one may write the action of the particle in the following way
It was shown by Banerjee and Majhi that S i are proportional to S 0 , i.e. S i ∝ S 0 [19, 20] . Therefore from the last equation it follows that
Since S 0 has the dimension of , the proportionality constants γ i should have the dimension of −i . On the other hand in the case of a five-dimensional spacetime the five-dimensional gravitation constant G (5) in terms of units of length and units of c and reads
If we choose G (5) = c = k B = 1, then the Planck constant in this units is of the order of = (l
Following Banerjee and Majhi and without going into details we assume the same form for the modified probability of the outgoing vector particles which can be written as follows
Thus for the quantum corrected Hawking temperature we findT
Note that the expansion (38) to obtain corrections to all orders has been criticized [67] , where it was argued that there are no quantum corrections to the Hawking temperature via tunneling from a fixed background. On the other hand, there were attempts to fix up the Banerjee and Majhi work and argued that this may have consequences to the information loss paradox [68, 69] . Next, we will try to calculate the quantum corrected entropy, so let us first write the first law of black hole mechanics for the charged black holẽ
In order to calculate the quantum corrected entropy it is convenient to integrate with respect to r h , instead of M and Q which is more difficult. To do so, let us consider the differential of the event horizon given by Eq. (10), which gives
in which M is the black hole mass and Φ = −4Q ln(r h ) is the electric potential of the black hole near the horizon. On the other hand, the surfice area of the event horizon can be easley calculated as A = π 2 r 3 h [58] , and hence the entropy of the black hole (in the units G = c = 1, and by choosing the Boltzmann constant appropriately) takes the form S = r 3 h / . So M can be obtained as a function of S and Q in the form [58] 
The black hole temperature can be calculated from the energy conservation law of the black hole simply by differentiating M with respect to S at constant charge [58] . It follows that
If we insert Eqs. (43), (45) and (47) into Eq. (44) we end up with the following integral for the quantum corrected black hole entropỹ
Thus, by compering the last result with Eq. (44) we see that the quantum corrected entropy can now be calculated easily by integrating with respect to r h . Solving this integral we find
If we make use of the Bekenstein-Hawking entropy
, we can rewrite the last equation asS
Thus we have successfully recovered the logarithmic entropy correction term to the black hole entropy. Finally, we can now carry out the corrected specific heat capacity at constant charge, defined as
We find that
In other words, the quantum corrected specific heat capacity goes to zero if r 6 h + r 3 h β 1 + 2 β 2 = 0, at a certain r h which solves this equation. In Ref. [19, 20] it is argued that the numerical values of β 1 and β 2 are related to loop effects. Morover, using conformal field theory technique and by neglecting the 2 terms, i.e. β 2 = 0, it was shown that β 1 is given as follows [19, 20] . This seems to imply that the black hole cannot exchange radiation with the surrounding space at r h , which may shed some light to the existence of a remnant. At this point, let us briefly mention that the existence of remnants is also supported by the GUP effects which are extensively used in the literature to calculate the quantum gravity corrections on the Hawking temperature, entropy, or specific heat capacity [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] .
V. CONCLUSION
We have successfully calculated the Hawking temperature of uncharged massive bosons from 5D EYMGB black hole. We have solved the Proca equation by using the WKB approximation and the separation of variables and found five differential equations and constructed a 5 × 5 matrix. We then extend our results by calculating the quantum correction to temperature, entropy, and specific heat capacity. We have started from the relation of the Planck constant and the five-dimensional Planck length in the units G (5) = c = 1 which are related by = (l D=5 p ) 3 . This on the other hand implies that the proportionality constants γ i are choosen to have the dimension of r
−3i
h . More specifically, we have recovered the first order logarithmic entropy correction beyond the semiclassical approximation by integrating with respect to r h . We first show that the Hawking temperature remains unaltered for this black hole configuration and the physical significance of this result is that black holes can also radiate massive vector particles and the mass/spin of the particles does not play any significant role in this process. On the other hand, the situation is a little bit different when we consider corrections beyond the semiclassical approximation. For instance, since β 1 and β 2 is shown to depend on the nature of spin of the particles, we have argued that the quantum corrected specific heat capacity goes to zero at some radius r h which may prevent a black hole from complete evaporation and hence the possibility of the existence of remnants. Even though the mass of the particles does no play any significant role, the spin of particles can be significant at the final stage of the black hole. We plan to extend our results in the near future in the spirit of Ref. [45] and expolore in more details the role of particles mass to the Hawking temperature under GUP effects.
